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Motivated by the recent high-precision lattice data on Yang-Mills equations of state, we propose
an effective theory of SU(3) gluonic matter. The theory is constructed based on the center and scale
symmetries and their dynamical breaking, so that the interplay between color-electric and color-
magnetic gluons is included coherently. We suggest, that the magnetic gluon condensate changes
its thermal behavior qualitatively above the critical temperature, as a consequence of matching
to the dimensionally-reduced magnetic theories. We consider thermodynamics in the mean field
approximation and discuss the consequences for the interaction measure.
PACS numbers: 12.38.Aw, 25.75.Nq, 11.10.Wx
1. INTRODUCTION
Non-abelian gauge theories undergo a deconfinement
phase transition at finite temperature T . Their bulk
asymptotic properties are successfully captured in the
quasi-particle description, which can be consistently cal-
culated in the leading-order perturbation theory [1].
However, a naive perturbative treatment in the weak cou-
pling g is spoiled since the magnetic screening mass is dy-
namically generated as a ultra-soft scale g2T [2, 3]. The
magnetic sector remains non-perturbative in the high
temperature phase, and consequently, the spatial string
tension is non-vanishing for all temperatures [4, 5], indi-
cating certain confining properties.
This residual interaction brings apparent deviations in
equations of state (EoS) from their Stefan-Boltzmann
limit at high temperature. In particular, the interac-
tion measure I(T ) is the best observable to examine dy-
namical breaking of scale invariance of the Yang-Mills
(YM) Lagrangian. In lattice simulations of pure SU(3)
YM theory the I(T )/T 2T 2c , with the deconfinement crit-
ical temperature Tc, is nearly constant in the range
Tc < T < 5Tc. This observation strongly suggests
non-trivial dynamical effects [6, 7]. Several scenarios
have been proposed to explain this non-perturbative na-
ture, such as, a dimension-2 gluon condensate that gen-
erates an effective mass term of the gauge boson dynam-
ically [8], or a temperature-dependent gluon mass [9, 10],
as well as matrix models through introducing an extra
T 2 term [11, 12]. Beyond this temperature range the
lattice data follow the results from the Hard Thermal
Loop (HTL) resummed perturbation theory. Thus, a
non-perturbative part in the lattice data is extracted by
subtracting the HTL contribution [7]. The resultant non-
perturbative part in I(T )/T 2T 2c ismonotonically decreas-
ing, whereas the HTL result is monotonically increasing
with T . A plateau that arises in intermediate tempera-
tures in I(T )/T 2T 2c can be therefore understood as re-
sulting from the summation of those two contributions.
In this paper, we formulate an effective theory of SU(3)
gluonic matter, which accounts for two dynamically dif-
ferent contributions, the chromomagnetic and chromo-
electric gluons.
The color-magnetic sector is described by the dilaton,
whose condensate reproduces the trace anomaly of the
SU(3) YM theory [13]. In general, the dilaton couples
also to the Polyakov loop which is the order parameter of
confinement-deconfinement phase transition and belongs
to the color-electric sector. Thus, the dilaton captures
the thermodynamic properties around the critical point
Tc, which are related with both, the color-electric and
color-magnetic gluons.
Thermal behavior of the magnetic gluon condensate at
high temperature is found, using the three-dimensional
YM theories [14–17], to be ∼ (g2T )4 [18]. We introduce
this contribution to the effective dilaton potential con-
structed in four dimensions. We consider the EoS in this
effective theory under the mean field approximation and
discuss the interaction measure and its interpretation.
We also associate our qualitative result with the lattice
data. It turns out that the magnetic gluon condensate
can be regarded as an alternative to the HTL contribu-
tion.
2. MAGNETIC CONFINEMENT
Color-electric 〈E〉 and color-magnetic 〈H〉 gluon con-
densates behave differently at finite temperature, in par-
ticular, in the deconfined phase [19]. The phase tran-
sition is essentially driven by the electric gluons. The
condensate 〈E〉 drops toward Tc and approximately van-
ishes above Tc. On the other hand, the magnetic con-
densate, stays nearly constant across the deconfinement
phase transition.
Matching the spatial string tension σs, calculated from
the gauge-invariant correlation function of the gauge-field
strengths, to that in the 3-dimensional YM theory, yields
2the magnetic condensate as [18]
〈H〉 = cH
(
g2(T )T
)4
, (2.1)
with
cH =
6
π
c2σc
2
m . (2.2)
The constants cσ and cm appear in σs and in the mag-
netic gluon mass as√
σs(T ) = cσg
2(T )T , mg(T ) = cmg
2(T )T . (2.3)
For SU(3) YM theory cσ = 0.566 [6] and cm = 0.491 [20].
The non-vanishing string tension σs may support the
conjecture, that in pure YM theory hadronic states, glue-
balls, can survive in deconfined phase. The scalar glue-
balls can be introduced as the dilatons associated with
the scale symmetry. Their condensate saturates the trace
anomaly through the potential [13]
Vχ =
B
4
(
χ
χ0
)4 [
ln
(
χ
χ0
)4
− 1
]
, (2.4)
where B is the bag constant and χ0 is a dimensionful con-
stant. The two parameters, B and χ0, are fixed to repro-
duce the vacuum energy density E = 1
4
B = 0.6 GeV fm−3
and the vacuum glueball mass Mχ = 1.7 GeV [21, 22].
One finds, that B = (0.368GeV)4 and χ0 = 0.16GeV.
In YM theories, Z(Nc) is a relevant global symmetry
that characterizes the deconfinement phase transition.
The Polyakov loop Φ is an order parameter of dynamical
breaking of Z(Nc) symmetry [23]. The Φ is introduced
as a gauge invariant operator
Φ =
1
Nc
trLˆ ,
Lˆ = P exp
[
i
∫ 1/T
0
dτA4(τ, ~x)
]
, (2.5)
with P being the Euclidean time ordering and A4 = iA0,
which transforms under Z(Nc) as
Φ→ zΦ , z ∈ Z(Nc) . (2.6)
The potential that mixes the dilaton field and the
Polyakov loop should be manifestly invariant under
Z(Nc) and scale transformation. For Nc = 3, its most
general form is as the following [24],
Vmix = χ
4
(
G1Φ¯Φ +G2
(
Φ¯3 +Φ3
)
+G3
(
Φ¯Φ
)2
+ · · ·
)
,
(2.7)
with unknown coefficients Gi.
The Polyakov loop characterizes the chromoelectic sec-
tor of gluons. The dilaton condensate contains the in-
formation on both, chromoelectric and chromomagnetic
gluons.
From the lattice results on those condensates [25], one
concludes, that the electric component of the dilaton
drops toward the critical point from the side of confined
phase. On the other hand, in deconfined phase, the dila-
ton represents chromomagnetic gluo-dynamics.
3. EFFECTIVE MODEL
We formulate the model of gluo-dynamics which ac-
counts for the interplay between chromoelectric and chro-
momagnetic gluons as
Ω = Ωg +ΩΦ + Vχ + Vmix + c0 . (3.1)
The electric gluon part Ωg is given in the presence of a
uniform gluon field A0 as [3],
Ωg = 2T
∫
d3p
(2π)3
tr ln
(
1− LˆAe
−p/T
)
, (3.2)
with the adjoing Polyakol-loop matrix LˆA, and it can be
further expressed in terms of the fundamental Polyakov
loop Φ as [26]
Ωg = 2T
∫
d3p
(2π)3
ln
(
1 +
8∑
n=1
Cn e
−np/T
)
, (3.3)
with
C8 = 1 , (3.4)
C1 = C7 = 1− 9Φ¯Φ ,
C2 = C6 = 1− 27Φ¯Φ + 27
(
Φ¯3 +Φ3
)
,
C3 = C5 = −2 + 27Φ¯Φ− 81
(
Φ¯Φ
)2
,
C4 = 2
[
−1 + 9Φ¯Φ− 27
(
Φ¯3 +Φ3
)
+ 81
(
Φ¯Φ
)2]
.
The Haar measure part is introduced as [27]
ΩΦ = −a0T ln
[
1− 6Φ¯Φ + 4
(
Φ3 + Φ¯3
)
− 3
(
Φ¯Φ
)2]
.
(3.5)
To formulate an effective mixing between the Polyakov
loop and dilaton, we take only the first term of Eq. (2.7).
Thus,
Vmix = G
(
χ
χ0
)4
Φ¯Φ . (3.6)
In general, the coupling G can be temperature depen-
dent, but we consider G as a constant and fix its value
to reproduce the expectation value 〈Φ〉 = 0.4 at Tc.
Requiring that a first-order phase transition appears at
Tc = 270 MeV as found in the lattice results [6], one
finds that a0 = (0.184GeV)
3, c0 = (0.244GeV)
4 and
G = (0.206GeV)4.
Under the mean field approximation, the tempera-
ture dependence of 〈Φ〉 and χ are obtained from the
stationary conditions for the effective potential (3.1),
∂Ω/∂Φ = ∂Ω/∂Φ¯ = ∂Ω/∂χ = 0, resulting in coupled
gap equations #1. The gap equation for 〈Φ〉 is solved nu-
merically, whereas that for χ can be solved analytically
as
〈χ〉 = χ0 exp
[
−G〈Φ¯Φ〉/B
]
. (3.7)
#1 We note, that 〈Φ¯〉 = 〈Φ〉.
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FIG. 1: Thermal expectation values of the Polyakov loop
(solid) and the dilaton field (dashed).
Fig. 1 shows the expectation values of Φ and χ as the
solutions of the gap equations. The thermal effect of 〈χ〉
is induced via the mixing to the Polyakov loop, which
exhibits a rather weak dependence on temperature above
T/Tc ∼ 1.5.
At higher temperature, due to the dimensional reduc-
tion, the theory in four dimensions should match the
three-dimensional YM theory. We postulate the follow-
ing matching condition,
〈χ〉
χ0
=
(
〈H〉
H0
)1/4
, (3.8)
which at a certain temperature Tmatch, should be met
with Eq. (3.7).
A constant H0 in Eq. (3.8) is chosen such, that
the model reproduces the 30 % reduction of the non-
perturbative contribution to the interaction measure
I(T )/T 2T 2c at the matching temperature to the HTL re-
sult, as observed in the lattice calculation [7]. This im-
plies that H0 = (0.8GeV)
4 #2.
The matching temperature Tmatch can be extracted
from a comparison of Eqs. (3.7) and (3.8). Applying the
two-loop running coupling,
g−2(T ) = 2b0 ln
T
Λσ
+
b1
b0
ln
(
2 ln
T
Λσ
)
,
b0 =
11
16π2
, b1 =
51
128π2
, (3.9)
with Λσ = 0.104Tc [6], one finds, that Tmatch ∼ 2.4Tc
(see Fig. 2).
In the present model, the changeover in the temper-
ature dependence of the magnetic condensate, seen in
#2 In fact, for a typical temperature under consideration, this is
a natural scale compatible to ∼ g2T with the running coupling
(3.9).
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FIG. 2: Thermal expectation value of the dilaton (dashed)
and the magnetic condensate (solid).
Fig. 2, appears by construction. In YM thermodynam-
ics, however, such behavior emerges dynamically. A qual-
itative change of the thermal gluon behavior can be in-
deed seen in the spatial string tension at T ∼ 2Tc [18].
Clearly, this property of the magnetic condensate should
also affect other thermodynamic quantities, such as the
interaction measure which is considered in the next sec-
tion.
4. TRACE ANOMALY AND THE MAGNETIC
SCALING
We focus on the interaction measure, I = E − 3P , of
the SU(3) YM theory defined in terms of the pressure P
and energy density E . If the entire interaction vanishes,
the interaction measure should vanish as well, since the
system becomes conformal. However, due to the mag-
netic confinement of the pure YM theories, one expects,
that even at very high temperature, T ≫ Tc, the interac-
tion measure is non-vanishing. Generally, the I(T ) can
be parameterized as
I
T 4
=
A
T 2
+
B
T 3
+
C
T 4
+D . (4.1)
The model (3.1) yields the coefficients as
A = 0 ,
B =
3ΩΦ
T
,
C = 4 (Vχ + Vmix) ,
D =
1
T 4
(
3Ωg − 2
∫
d3p
(2π)3
p
∑8
n=1 nCn e
−np/T
1 +
∑8
n=1 Cne
−np/T
)
.
(4.2)
Obviously, the last term D should survive at high T ,
so that the interaction measure still exists. However,
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FIG. 3: The interaction measure normalized by T 2T 2
c
. The
dashed curve labeled with “magnetic” corresponds to δI given
in Eq. (4.4).
this contribution approaches zero, already at moderate
temperature, since 〈Φ〉 → 1, as seen in Fig. 1. Indeed
one finds, that
D
〈Φ〉→1
→
3 · 16
T 3
∫
d3p
(2π)3
ln
(
1− e−p/T
)
+
16
T 4
∫
d3p
(2π)3
pe−p/T
1− e−p/T
= 8π2
(
−1
15
+
1
15
)
= 0 . (4.3)
Requirement of the non-vanishing D can be discrim-
inated in I/T 2 since it appears as a coefficient of the
quadratic, T 2 term, whereas other contributions with B
and C monotonically decrease. From Eq. (4.3), one finds,
that any residual contribution ∼ T 2 does not show up in
I/T 2. Recall, that the coefficientD in Eq. (4.2) is entirely
chromoelectric, since it does not contain χ. Therefore,
in order to introduce magnetic confinement effectively
which yields residual interaction at high temperature,
such that I 6= 0, one transmutes χ into 〈H〉 ∼ (g2(T )T )4
via Eq. (3.8), and applies it to Eq. (3.1). This generates a
T 4 contribution, which appears from the Vχ +Vmix part,
and results in the equations of state deviating from the
Stefan-Boltzmann values at high temperature. One also
finds an additional contribution to the interaction mea-
sure from 〈H〉, as
δI = −B
〈H〉
H0
+
(
2b0 +
b1
b0
1
ln (T/Λσ)
)
〈H〉
g4(T )H0
. (4.4)
The first term is of order O(g8), whereas the second is
O(g4) which is thus the leading contribution to I.
The interaction measure normalized by T 2T 2c is shown
in Figs. 3. The I/T 2T 2c is monotonically decreasing even
at high temperature when no matching to the 3-dim YM
is made. The magnetic contribution generates a T 2 de-
pendence, as seen in the figure. The sum of those two
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FIG. 4: The interaction measure normalized by T 4. The
dashed curve labeled with “magnetic” corresponds to δI given
in Eq. (4.4).
contributions forms a plateau-like behavior in I/T 2T 2c
at moderate temperature, T/Tc ∼ 2-4. This property
appears due to the residual chromomagnetic interaction
encoded in the dilaton, χ4 ∼ H . The resulting behavior
of I/T 2T 2c with temperature, seen in Fig. 3, qualitatively
agrees with the latest high-precision lattice data [7]. We
note that a smooth switching from the dilaton to the
magnetic condensate must happen dynamically, so that
thermodynamic quantities, such as the specific heat, do
not experience any irregular behavior above Tc.
Fig. 4 shows the interaction measure normalized by
T 4. With such normalization, the impact of the mag-
netic contribution is not well distinguishable. Thus, in
order to identify different dynamical effects contributing
to the interaction measure, it is indeed more appropriate
to normalize I(T ) by T 2T 2c , as was suggested in [12].
The lattice data have confirmed also, that there is a
non-vanishing T 2 contribution to the interaction measure
I(T ) [7]. This would correspond to a non-vanishing A in
Eq. (4.1). Such a term can appear from a dynamically
generated gluon mass. Imposing the scale symmetry, the
expected mass term is of the following form [10],
Lm =
1
2
G2A
(
χ
χ0
)2
AµA
µ , (4.5)
with a certain coupling GA.
In principle, this term should be derived from the YM
Lagrangian using renormalization group. By an appro-
priate choice of GA, such a mass term may help to better
quantify lattice data. Then, if the dynamical mass is
nearly constant in a certain range of temperature, the
observed plateau in I/T 2T 2c , may emerge even without
the dilaton potential [9, 12]. Consequently, this approach
could be an alternative to the formulation proposed in the
previous section.
55. CONCLUSIONS
We have presented an effective theory of SU(3) Yang-
Mills (YM) thermodynamics implementing the major
global symmetries, the center and scale symmetries, and
their dynamical breaking. This naturally allows a mixing
between the Polyakov loop and the dilaton field. Conse-
quently, the magnetic confinement is effectively embed-
ded and results in deviations of the EoS from their Stefan-
Boltzmann limit at high temperature.
Also, matching to the 3-dimensional YM theory has
been proposed, which leads to the gluon condensate in-
creasing with temperature in deconfined phase. Con-
trary, in the conventional treatment of the dilaton con-
densate, there is a weak thermal behavior of the compos-
ite gluon in a wide range of temperature. This suggests,
that at some temperature above Tc, the gluon conden-
sate exhibits a distinct behavior on T . In the present
model this temperature is roughly estimated as ∼ 2.4Tc,
compatible with ∼ 2Tc extracted from the spatial string
tension [18].
We have illustrated, that the above changeover of the
gluon condensate, becomes transparent in the interac-
tion measure I = E − 3P normalized by T 2T 2c , rather
than by T 4. Adopting the matching condition (3.8), the
I/T 2T 2c shows a T
2 raise, which is dominating at high
temperature. Before reaching the matching temperature,
the thermodynamics is well described by the model for
the Polyakov loop and a nearly-constant dilaton conden-
sate, resulting in a monotonic decrease of I/T 2T 2c with
T . Consequently, the sum of those two contributions,
yields a plateau structure at an intermediate temperature
T/Tc ∼ 2-4. This qualitative behavior of the interaction
measure is consistent with the lattice findings [7]. The
role of the magnetic gluon turns out to be alternative to
the HTL contribution.
The nature of the physical vacuum in YM theories
can be captured by topological objects, such as magnetic
monopoles and vortices [28]. In the context of hot gluon
plasma, it was shown within lattice simulations [29] that
the magnetic component as a topological defect affects
crucially the thermodynamics in deconfined phase.
Different approaches were proposed to deal with the
magnetic aspect in the topological context [30]. In our
effective theory, such magnetic feature can be attributed
to the relevant global symmetries embedded in the origi-
nal color gauge group. It is desirable to examine to what
extent this effective theory is secure in describing the non-
perturbative feature at high temperature. A matching to
the topological approaches could yield more reliable con-
straints on the Lagrangian and its parameters.
Furthermore, introducing quarks and their coupling to
gluons, in the proposed theory, could provide a scheme
for an effective description of QCD thermodynamics.
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